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S1 Risk Function for Conditionally Bivariate Normal

Biomarkers

Claim: If the biomarkers X1 and X2 have the conditional distribution given by equation (6), the

true risk function is given by

logit {P (D = 1|X1, X2, C = c)} = βc0 + β1X1 + β2X2,
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where

βc0 =
−µ2

X1
− µ2

X2

2(1− ρ2)
+
ρµX1

µX2
+ ρµX1

fX2
(c) + ρµX2

fX1
(c)− µX1

fX1
(c)− µX2

fX2
(c)

1− ρ2

+ log

(
γc

1− γc

)
β1 =

µX1 − ρµX2

1− ρ2

β2 =
µX2
− ρµX1

1− ρ2
.

Proof. We can demonstrate this as follows:

P (D = 1|X1, X2, C = c) =
f(X1, X2|D = 1, C = c)γc

f(X1, X2|D = 1, C = c)γc + f(X1, X2|D = 0, C = c)(1− γc)

=
1

1 +B/A
,

where A = f(X1, X2|D = 1, C = c)γc and B = f(X1, X2|D = 0, C = c)(1− γc). We have

B

A
=
f(X1, X2|D = 0, C = c)(1− γc)
f(X1, X2|D = 1, C = c)γc

= exp

(
1

2(1− ρ2)

[
{X1 − µX1

− fX1
(c)}2 − {X1 − fX1

(c)}2

− 2ρ{X1 − µX1
− fX1

(c)}{X2 − µX2
− fX2

(c)}

+ 2ρ{X1 − fX1
(c)}{X2 − fX2

(c)}

+ {X2 − µX2
− fX2

(c)}2 − {X2 − fX2
(c)}2

])

×
(

1− γc
γc

)

= exp

{
1

2(1− ρ2)

(
µ2
X1
− 2µX1

{X1 − fX1
(c)}+ 2ρ[−µX1

µX2
+ µX1

{X2 − fX2
(c)}+

µX2{X1 − fX1(c)}] + µ2
X2
− 2µX2{X2 − fX2(c)}

)
+ log

(
1− γc
γc

)}
.
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If P (D = 1|X1, X2, C = c) =
1

1 + exp(?)
then P (D = 1|X1, X2, C = c) = expit(−?), so

P (D = 1|X1, X2,C = c)

= expit

{
−1

2(1− ρ2)

(
µ2
X1
− 2µX1

{X1 − fX1
(c)}

+ 2ρ[−µX1
µX2

+ µX1
{X2 − fX2

(c)}+ µX2
{X1 − fX1

(c)}]

+ µ2
X2
− 2µX2{X2 − fX2(c)}

)
− log

(
1− γc
γc

)}

= expit

{
−µ2

X1
− µ2

X2

2(1− ρ2)
+ log

(
γc

1− γc

)
+
µX1
− ρµX2

1− ρ2
X1 +

µX2
− ρµX1

1− ρ2
X2

+
ρµX1

µX2
+ ρµX1

fX2
(c) + ρµX2

fX1
(c)− µX1

fX1
(c)− µX2

fX2
(c)

1− ρ2

}

= expit(βc0 + β1X1 + β2X2).
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S2 Lemma 1, Theorem 1, and Theorem 2

First, we describe the conditions required for these results to hold.

(C1) The m centers are randomly sampled from the population of M centers, and nc observations

are randomly sampled from center c, c = 1, ...,m.

(C2)
∑m
c=1 |E(ŵc)− wc| → 0 as nc →∞, c = 1, ...,m, and m→M such that

√
nc/m→∞.

(C3) The centers are independent and within each center, the observations Oci = (Dc
i ,X

c
i ),

i = 1, ..., nc, are independent and identically distributed (p+ 1)-dimensional random vectors

such that there exists at least one component of Xc, Xc
k for some k ∈ {1, ..., p}, with

distribution that has everywhere positive Lebesgue density, conditional on the other Xc

components.

(C4) The support of Xc, c = 1, ...,M , is not contained in any proper linear subspace of Rp.

(C5) AUCc(θ) is differentiable at θ0 and ||AUC ′c(θ0)|| ≤ T <∞, c = 1, ...,m.

(C6) θ̂,θ0 ∈ B = {θ ∈ Rp : ||θ|| = 1, |θk| > 0}

In Lemma 1, Theorem 1, and Theorem 2, we restrict the combinations to have ||θ|| = 1 for

mathematical ease; since AUCc is invariant to monotone increasing transformations, this is not

restrictive in a practical sense. We will assume a non-trivial disease prevalence throughout; in

particular, we assume P (D = 1|C = c) := γc ∈ [1/V, 1− 1/V ], c = 1, ...,M , for some

V ∈ (2,∞).
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Lemma 1. Suppose conditions (C1), (C3), and (C4) hold for a given center c. Then

supθ∈B

∣∣∣ ˆAUCc(θ)−AUCc(θ)
∣∣∣ = op(1) as nc →∞, where B = {θ ∈ Rp : ||θ|| = 1, |θk| > 0}.

Proof. Previous work by Han1 proved a similar claim for a related statistic. Consider a single center

with n total observations, nD cases, and nD̄ controls. Let Xi denote the biomarker vector for

observation i. Han considered the statistic hij(θ): for any pair of observations (i, j), let

hij(θ) = 1(Di > Dj)1(θ>Xi > θ>Xj) + 1(Di < Dj)1(θ>Xi < θ>Xj).

Then

∑
κ

hij(θ) =
∑
i<j

hij(θ)

=
1

2

∑
i 6=j

1{(Di −Dj)(θ
>Xi − θ>Xj) > 0}

=
∑
i 6=j

1(Di > Dj)1(θ>Xi > θ>Xj)

=

nD∑
i=1

nD̄∑
j=1

1(θ>XDi > θ>XD̄j),
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where κ denotes the collection of all pairs of distinct elements (regardless of D). Also, for any i 6= j,

P (θ>Xi < θ>Xj , Di < Dj) +P (θ>Xi > θ>Xj , Di > Dj)

= P (θ>Xi < θ>Xj |Di < Dj)P (Di < Dj)

+ P (θ>Xi > θ>Xj |Di > Dj)P (Di > Dj)

= P (θ>Xi < θ>Xj |Di < Dj)γ(1− γ)

+ P (θ>Xi > θ>Xj |Di > Dj)γ(1− γ)

= 2γ(1− γ)AUC(θ),

where γ is the prevalence.

We can consider

Sn(θ) =
2

n(n− 1)

∑
κ

hij(θ)

ˆAUC(θ) =
1

nDnD̄

nD∑
i=1

nD̄∑
j=1

1(θ>XDi > θ>XD̄j),

where Sn is a one-sample U-statistic and ˆAUC is a two-sample U-statistic. We would like to be able

to study the asymptotic behavior of Sn; in particular, we would like to say that if

sup
θ∈B
|Sn(θ)− 2γ(1− γ)AUC(θ)| = op(1)

then supθ∈B

∣∣∣ ˆAUC(θ)−AUC(θ)
∣∣∣ = op(1).
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If supθ∈B |Sn(θ)− 2γ(1− γ)AUC(θ)| = op(1), then

sup
θ∈B

∣∣∣∣ Sn(θ)

2γ(1− γ)
−AUC(θ)

∣∣∣∣ = op(1).

We would then have

sup
θ∈B

∣∣∣ ˆAUC(θ)−AUC(θ)
∣∣∣ ≤ sup

θ∈B

∣∣∣∣ ˆAUC(θ)− Sn(θ)

2γ(1− γ)

∣∣∣∣+ sup
θ∈B

∣∣∣∣ Sn(θ)

2γ(1− γ)
−AUC(θ)

∣∣∣∣
= sup

θ∈B

∣∣∣∣ ˆAUC(θ)− Sn(θ)

2γ(1− γ)

∣∣∣∣+ op(1)

≤ sup
θ∈B

∣∣∣∣ ˆAUC(θ)− Sn(θ)n2

2nDnD̄

∣∣∣∣+ sup
θ∈B

∣∣∣∣Sn(θ)n2

2nDnD̄
− Sn(θ)

2γ(1− γ)

∣∣∣∣+ op(1)

=

∣∣∣∣1− n2

n(n− 1)

∣∣∣∣ sup
θ∈B

ˆAUC(θ) + sup
θ∈B

∣∣∣∣Sn(θ)n2

2nDnD̄
− Sn(θ)

2γ(1− γ)

∣∣∣∣+ op(1)

≤ o(1) +

∣∣∣∣ n2

2nDnD̄
− 1

2γ(1− γ)

∣∣∣∣+ op(1)

= op(1),

where the last inequality follows from the fact that Sn(θ), ˆAUC(θ) ≤ 1 and the last equality follows

from the Weak Law of Large Numbers, the continuous mapping theorem and Slutsky’s theorem.

Thus, to demonstrate uniform convergence of ˆAUC(θ), we can consider Sn(θ).
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The following is taken nearly verbatim (with very minor variations) from part of the proof given in

Han.1 Let

h(θ) = E{hij(θ)} ≡ 2γ(1− γ)AUC(θ)

ḡij(θ, δ) = sup
b∈Dδ(θ)

{hij(b)− h(b)}

g
ij

(θ, δ) = inf
b∈Dδ(θ)

{hij(b)− h(b)}

ḡ(θ, δ) = E{ḡij(θ, δ)}

g(θ, δ) = E{g
ij

(θ, δ)}

where Dδ(θ) = {b : b ∈ B, ||b− θ|| < δ}.

It can be seen that hij(θ) is a step function uniformly bounded in (i, j) and θ. By condition (C3),

hij(θ) is continuous in θ ∈ B uniformly across (i, j) almost surely. Thus, h(θ) is uniformly bounded

and continuous in θ ∈ B.

Note also that ḡij(θ, δ) is measurable for all θ ∈ B and δ > 0 since B is separable and for any θ ∈ B

there exists a sequence {θt} in a countable dense subset of B such that

lim
t→∞

hij(θt) = hij(θ), lim
t→∞

h(θt) = h(θ).

Also, ḡij(θ, δ) is uniformly bounded in θ and

lim
δ→0

ḡij(θ, δ) = hij(θ)− h(θ) almost surely.
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Thus, it follows that limδ→0 ḡ(θ, δ) = 0 for all θ ∈ B. A similar argument can be made for g(θ, δ),

giving limδ→0 g(θ, δ) = 0 for all θ ∈ B.

To show convergence of Sn(θ) to h(θ) uniformly in θ, we have for a given ε > 0,

P

(
sup
θ∈B
|Sn(θ)− h(θ)| > ε

)
≤P

(∣∣∣∣∣ 2

n(n− 1)

∑
κ

sup
θ∈B
{hij(θ)− h(θ)}

∣∣∣∣∣ > ε

)

+ P

(∣∣∣∣∣ 2

n(n− 1)

∑
κ

inf
θ∈B
{hij(θ)− h(θ)}

∣∣∣∣∣ > ε

)
.

Since B is compact, there exists a finite set of coverings {Dδl(θl)}, l = 1, ..., L, such that

B ⊂
L⋃
l=1

Dδl(θl) and ḡ(θl, δl), g(θl, δl) > ε/2.

Thus,

P

(
sup
θ∈B
|Sn(θ)− h(θ)| > ε

)
≤

L∑
l=1

P

(∣∣∣∣∣ 2

n(n− 1)

∑
κ

ḡij(θl, δl)− ḡ(θl, δl)

∣∣∣∣∣ ≥ ε/2
)

+

L∑
l=1

P

(∣∣∣∣∣ 2

n(n− 1)

∑
κ

g
ij

(θl, δl)− g(θl, δl)

∣∣∣∣∣ ≥ ε/2
)
.

However, for each l, 2
n(n−1)

∑
κ ḡij(θl, δl) is a one-sample U-statistic with kernel

ḡij(θl, δl) = sup
b∈Dδl (θl)

{hij(b)− h(b)} .

Since E{ḡij(θl, δl)}2 ≤ E(1) <∞, we have

2

n(n− 1)

∑
κ

ḡij(θl, δl)
p−→ ḡ(θl, δl).
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These arguments also apply to g
ij

(θl, δl), giving

2

n(n− 1)

∑
κ

ḡij(θl, δl)
p−→ ḡ(θl, δl), l = 1, ..., L

2

n(n− 1)

∑
κ

g
ij

(θl, δl)
p−→ g(θl, δl), l = 1, ..., L.

Thus, we have

P

(
sup
θ∈B
|Sn(θ)− h(θ)| > ε

)
→ 0,

so supθ∈B | ˆAUC(θ)−AUC(θ)| p−→ 0. Since this holds for any center c, we have demonstrated

supθ∈B | ˆAUCc(θ)−AUCc(θ)| p−→ 0 as nc →∞.
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Theorem 1. Suppose conditions (C1)–(C4) hold. Then for B = {θ ∈ Rp : ||θ|| = 1, |θk| > 0},

sup
θ∈B

∣∣∣ ˆaAUC(θ)− aAUC(θ)
∣∣∣ p−→ 0

and
m∑
c=1

|ŵc − wc| = op(1)

as nc →∞, c = 1, ...,m, and m→M such that
√
nc/m→∞.

Proof. We can write this claim as follows:

sup
θ∈B
| ˆaAUC(θ)− aAUC(θ)| = sup

θ∈B

∣∣∣∣∣
m∑
c=1

ŵc ˆAUCc(θ)−
M∑
c=1

wcAUCc(θ)

∣∣∣∣∣ p−→ 0.

We can write

sup
θ∈B

∣∣∣∣∣
m∑
c=1

ŵc ˆAUCc(θ)−
M∑
c=1

wcAUCc(θ)

∣∣∣∣∣
= sup

θ∈B

∣∣∣∣∣
m∑
c=1

ŵc ˆAUCc(θ)−
m∑
c=1

wcAUCc(θ)−
M∑

c=m+1

wcAUCc(θ)

∣∣∣∣∣
= sup

θ∈B

∣∣∣∣∣
m∑
c=1

(
ŵc ˆAUCc(θ)− wcAUCc(θ)

)
−

M∑
c=m+1

wcAUCc(θ)

∣∣∣∣∣
≤ sup

θ∈B

∣∣∣∣∣
m∑
c=1

(
ŵc ˆAUCc(θ)− wcAUCc(θ)

)∣∣∣∣∣+

M∑
c=m+1

sup
θ∈B
|wcAUCc(θ)|

= sup
θ∈B

∣∣∣∣∣
m∑
c=1

(
ŵc ˆAUCc(θ)− wcAUCc(θ)

)∣∣∣∣∣+ o(1)

as m→M .
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Then

sup
θ∈B

∣∣∣∣∣
m∑
c=1

(
ŵc ˆAUCc(θ)− wcAUCc(θ)

)∣∣∣∣∣
= sup

θ∈B

∣∣∣∣∣
m∑
c=1

{
ŵc

(
ˆAUCc(θ)−AUCc(θ)

)
+ ŵcAUCc(θ)− wcAUCc(θ)

}∣∣∣∣∣
≤ sup

θ∈B

∣∣∣∣∣
m∑
c=1

ŵc

(
ˆAUCc(θ)−AUCc(θ)

)∣∣∣∣∣+ sup
θ∈B

∣∣∣∣∣
m∑
c=1

(ŵc − wc)AUCc(θ)

∣∣∣∣∣
≤

m∑
c=1

sup
θ∈B

∣∣∣ŵc ( ˆAUCc(θ)−AUCc(θ)
)∣∣∣+

m∑
c=1

sup
θ∈B
|(ŵc − wc)AUCc(θ)|

=

m∑
c=1

ŵc sup
θ∈B

∣∣∣ ˆAUCc(θ)−AUCc(θ)
∣∣∣+

m∑
c=1

|ŵc − wc| sup
θ∈B

AUCc(θ)

=

m∑
c=1

ŵcop(1) +

m∑
c=1

|ŵc − wc| sup
θ∈B

AUCc(θ)

= op(1) +

m∑
c=1

|ŵc − wc| sup
θ∈B

AUCc(θ)

≤ op(1) +

m∑
c=1

|ŵc − wc| ,

where the second to last equality follows from the fact that supθ∈B

∣∣∣ ˆAUCc(θ)−AUCc(θ)
∣∣∣ = op(1)

by Lemma 1, the last equality follows from the fact that
∑m
c=1 ŵc = 1 for every m, and the last

inequality follows from AUCc(θ) ≤ 1.

Now we must show that
m∑
c=1

|ŵc − wc| = op(1).

Equivalently, we must prove that for every ε > 0,

P

(
m∑
c=1

|ŵc − wc| > ε

)
→ 0
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as nc →∞, c = 1, ...,m, and m→M such that
√
nc/m→∞.

We have

P

(
m∑
c=1

|ŵc − wc| > ε

)
≤
E(
∑m
c=1 |ŵc − wc|)

ε
=

∑m
c=1E|ŵc − wc|

ε

≤
∑m
c=1E |ŵc − E(ŵc)|

ε
+

∑m
c=1 |E(ŵc)− wc|

ε

≤
∑m
c=1

√
V ar(ŵc)

ε
+ o(1),

where the first inequality follows from Markov’s inequality and the third inequality follows from

Jensen’s inequality and the fact that
∑m
c=1 |E(ŵc)− wc| = o(1) by condition (C2).

Let f(R,S) = R/S and ν = (E(R), E(S)). Then we can use a first-order Taylor approximation to

write

f(R,S) ≈ f(ν) + f ′R(ν)(R− E(R)) + f ′S(ν)(S − E(S)),

where f ′R(ν) = ∂f(R,S)
∂R |ν and f ′S(ν) is defined analogously. This gives E[f(R,S)] ≈ f(ν). We can

also write

V ar[f(R,S)] ≈ E
[
{f(R,S)− f(ν)}2

]
≈
[

1

{E(S)}2

]
V ar(R) +

[
{E(R)}2

{E(S)}4

]
V ar(S)

− 2

[
E(R)

{E(S)}3

]
Cov(R,S).
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In our case, we have ŵc = ncD/nD, giving R = ncD, S = nD, so E(R) = ncγc, V ar(R) = ncγc(1− γc),

E(S) =
∑m
c=1 ncγc, V ar(S) =

∑m
c=1 ncγc(1− γc), and Cov(R,S) = ncγc(1− γc). Then

V ar(ŵc) = V ar

(
ncD
nD

)
≈
(

ncγc∑m
c=1 ncγc

)2{
1− γc
ncγc

− 2
1− γc∑m
c=1 ncγc

+

∑m
c=1 ncγc(1− γc)
(
∑m
c=1 ncγc)

2

}
≤ 1− γc

ncγc
+

∑m
c=1 ncγc(1− γc)
(
∑m
c=1 ncγc)

2
.

By Hölder’s inequality
m∑
c=1

√
V ar(ŵc) ≤

√
mA,

where

A =

m∑
c=1

{
1− γc
ncγc

+

∑m
c=1 ncγc(1− γc)
(
∑m
c=1 ncγc)

2

}
.

We can write

A =

m∑
c=1

1− γc
ncγc

+m

{∑m
c=1 ncγc(1− γc)
(
∑m
c=1 ncγc)

2

}
≤ 1

minc nc

m∑
c=1

(1/γc) +
m∑m

c=1 ncγc
.

Furthermore, we have 1/γc ≤ V <∞. Then

A ≤ mV

minc nc
+

m

minc nc
∑m
c=1 γc

≤ (m+ 1)V

minc nc
≈ 2mV

minc nc
.

Then
∑m
c=1

√
V ar(ŵc)→ 0 if nc →∞, c = 1, ...,m, and m→M such that

√
minc nc
m →∞. This

holds if nc →∞, c = 1, ...,m, and m→M such that
√
nc/m→∞. This then gives

P (
∑m
c=1 |ŵc − wc| > ε)→ 0, completing the proof.
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Theorem 2. Suppose θ̂
p−→ θ0 as nc →∞, c = 1, ...,m, and m→M such that

√
nc/m→∞.

Further suppose that conditions (C1)–(C6) hold. Then ˆaAUC(θ̂)
p−→ aAUC(θ0) as nc →∞,

c = 1, ...,m, and m→M such that
√
nc/m→∞.

Proof. We can write this claim as

∣∣∣ ˆaAUC(θ̂)− aAUC(θ0)
∣∣∣ =

∣∣∣ ˆaAUC(θ̂)− aAUC(θ̂) + aAUC(θ̂)− aAUC(θ0)
∣∣∣ = op(1).

Then ∣∣∣ ˆaAUC(θ̂)− aAUC(θ0)
∣∣∣ ≤ ∣∣∣ ˆaAUC(θ̂)− aAUC(θ̂)

∣∣∣+
∣∣∣aAUC(θ̂)− aAUC(θ0)

∣∣∣ .
By the uniform convergence of ˆaAUC(θ) (Theorem 1),

∣∣∣ ˆaAUC(θ̂)− aAUC(θ̂)
∣∣∣ ≤ sup

θ∈B

∣∣∣ ˆaAUC(θ)− aAUC(θ)
∣∣∣ = op(1).

Next, we can write

∣∣∣aAUC(θ̂)− aAUC(θ0)
∣∣∣ =

∣∣∣∣∣
M∑
c=1

wc(AUCc(θ̂)−AUCc(θ0))

∣∣∣∣∣
≤

M∑
c=1

wc

∣∣∣AUCc(θ̂)−AUCc(θ0)
∣∣∣

Then we can apply Taylor’s theorem to AUCc(θ̂)−AUCc(θ0) using condition (C5). This gives

AUCc(θ̂)−AUCc(θ0) ≈

(
∂

∂t
AUCc(t)

∣∣∣∣
t=θ0

)>
(θ̂ − θ0).
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Then

M∑
c=1

wc

∣∣∣AUCc(θ̂)−AUCc(θ0)
∣∣∣ ≈ M∑

c=1

wc

∣∣∣AUC ′c(θ0)>(θ̂ − θ0)
∣∣∣

≤ √p× T × ||θ̂ − θ0|| ×
M∑
c=1

wc = op(1),

by condition (C5), the Cauchy-Schwarz inequality, the convergence of θ̂, the continuous mapping

theorem, and the fact that
∑M
c=1 wc = 1.
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S3 Propositions 1 and 2

Proposition 1. Suppose C ⊥ Lθ(X)|D̄ for a combination based on some θ such that Lθ(X) has

common support among cases and controls. Then AUC(θ) = aAUC(θ).

This proposition is presented without proof; the result follows directly from Result 6.2 in

Pepe.2

Proposition 2. Suppose C ⊥ D and for a combination based on some θ,

AUCc(θ) = AUC∗(θ), c = 1, ...,M and ROCc(θ) is concave for c = 1, ...,M . Then

AUCc(θ) ≥ AUC(θ), c = 1, ...,M .

This proposition is presented without proof, as the result follows directly from Result 6.1 in Pepe,2

but here we have a linear combination Lθ(X) instead of a single marker.
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S4 Center-Specific AUC for Conditionally Bivariate Normal

Biomarkers

Claim: If the biomarkers X1 and X2 have the conditional distribution given by equation (6),

AUCc(θ) for a generic combinations θ does not vary with c and the center-specific ROC curves for

θ>X are concave.

Proof. Let X1D denote X1 for an arbitrary case and X1D̄ denote X1 for an arbitrary control (and

define X2D and X2D̄ analogously). The AUCc(θ) for a generic θ can be written as:

AUCc(θ) = P (θ1X1D + θ2X2D > θ1X1D̄ + θ2X2D̄C = c)

= P


 θ1

θ2


> X1D −X1D̄

X2D −X2D̄

 > 0

∣∣∣∣∣∣∣∣C = c

 ,

where the distribution of

 X1D −X1D̄

X2D −X2D̄

∣∣∣∣∣∣∣C = c

 is constant across centers under the distribution

given by equation (7) in Section 5.2. Since θ1X1D + θ2X2D and θ1X1D̄ + θ2X2D̄ are independently

normally distributed (conditional on C = c) with

(θ1X1D + θ2X2D|C = c) ∼ N(θ1{µX1 + fX1(c)}+ θ2{µX2 + fX2(c)}, θ2
1 + θ2

2 + 2ρθ1θ2)

(θ1X1D̄ + θ2X2D̄|C = c) ∼ N(θ1fX1
(c) + θ2fX2

(c), θ2
1 + θ2

2 + 2ρθ1θ2),

the center-specific AUC is a function of the variances of (θ1X1D + θ2X2D|C = c) and

(θ1X1D̄ + θ2X2D̄|C = c) and the difference in the means of (θ1X1D + θ2X2D|C = c) and

(θ1X1D̄ + θ2X2D̄|C = c).2 The difference in the means is θ1µX1 + θ2µX2 , and the variances also do

18



not depend on center. Thus, AUCc(θ) does not vary with c. Furthermore, since within each center

center, the distribution of the combination in cases and controls is normally distributed with equal

variance, the center-specific ROC curves for the combination are concave.2
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S5 Additional Simulation Results

S5.1 Ignoring Center

The tables below present the full results for the simulations assessing the impact of ignoring center

in development and/or evaluation. In each table, we present the average across simulations of the

coefficient estimates and AUCs, the percent bias, and the mean squared error (MSE). The percent

bias and MSE for α̂1 and β̂1 are relative to β1, the percent bias and MSE for α̂2 and β̂2 are relative

to β2, and the percent bias and MSE for AUC(α̂), AUCc(α̂), AUC(β̂), and AUCc(β̂) are relative to

AUCc(β). We have multiplied the MSE by 104. The label “Confounder (+)” refers to the setting of

positive correlation between logit(γc) and f(c), while “Confounder (-)” refers to the setting of

negative correlation between logit(γc) and f(c). Although we refer to the differences between the

parameter estimates (α̂ and β̂) and β and between the AUC values (AUC(α̂), AUCc(α̂), AUC(β̂),

and AUCc(β̂)) and AUCc(β) as “bias,” α and β reflect different population parameters (in general),

as do AUC(α), AUCc(α), AUC(β), and AUCc(β).
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S5.2 RILR vs. FILR

The tables below present the full results for the simulations comparing RILR and FILR for

constructing combinations. The results are separated by the role of center (i.e., case mix variable,

calibration variable, or confounder with negative, no, or positive correlation between f(c) and

logit(γc)) and the distribution of logit(γc) and/or f(c), F (i.e., normal, Gumbel, Laplace, or

uniform). In the first table we report the mean, percent bias, and mean squared error (MSE) for the

coefficient estimates based on RILR (τ̂ = (τ̂1, τ̂2)) and FILR (β̂ = (β̂1, β̂2)) relative to the true

coefficients (β = (β1, β2)), as well as the average, percent bias and MSE for the conditional AUCs

based on the estimated coefficients (AUCc(τ̂ ) and AUCc(β̂), respectively) relative to AUCc(β). In

the second table we report the average, percent bias and MSE for the overall (fixed) intercept

estimate provided by RILR (τ̂0). In the setting where center is a calibration variable, asterisks

indicate the results for γc = 0.1; the other calibration variable results are for γc = 0.5. We have

multiplied the MSE by 104. As noted above, the “bias” is calculated as the difference between the

parameter estimates and β and between the AUC values and AUCc(β); it is not exactly accurate to

call these differences biases, as they arise because (in the case of τ̂ and AUCc(τ̂ )) they correspond

to different population parameters (in general).
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S6 Simulation Code

S6.1 Ignoring Center

The following R function was used to conduct the simulations reported in Sections 6.1 and

S5.1.

library(survival)

library(MASS)

library(rms)

expit <- function(x) exp(x)/(1+exp(x))

simcenter <- function(DMassoc1, DMassoc2, trainM, centersz, corrCMCD,

CDassocVar, CMassocVar, corr, CMassocTF, CDassocTF,

overallprev, testszC, testszM, Clogit){

mu_x<-sqrt(2)*qnorm(DMassoc1)

mu_y<-sqrt(2)*qnorm(DMassoc2)

CDassocVar <- rep(CDassocVar,2)

### x 2 for conditional and marginal AUC test sets

CMassocVar <- rep(CMassocVar,2)

### Create datasets

# Centers

center <- rep(1:trainM,times=centersz)
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centerTEC <- rep(1:trainM,times=testszC)

centerTEM <- rep(1:trainM,times=testszM)

# Disease indicators

# assign gamma_c and f(c)

if(CMassocTF & CDassocTF){

CDCMvals <- mvrnorm(2*trainM, c(0,0),

matrix(c(1,corrCMCD,corrCMCD,1),nrow=2,byrow=T)) *

cbind(sqrt(CDassocVar),sqrt(CMassocVar))

CDassoc <- expit(CDCMvals[,1])

CMassoc <- CDCMvals[,2]

}else if(CDassocTF){

CDCMvals <- rnorm(2*trainM, 0, sqrt(CDassocVar))

CDassoc <- expit(CDCMvals)

CMassoc <- rep(0, 2*trainM)

}else if(CMassocTF){

CDCMvals <- rnorm(2*trainM, 0, sqrt(CMassocVar))

CMassoc <- CDCMvals

CDassoc <- rep(overallprev, 2*trainM)

}

centerprTR <- rep(CDassoc[1:trainM], times=centersz)

disTR <- rbinom(length(centerprTR),1,centerprTR)

fcTR <- rep(CMassoc[1:trainM], times=centersz)
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centerprTEC <- rep(CDassoc[(trainM+1):(2*trainM)], times=testszC)

disTEC <- rbinom(length(centerprTEC),1,centerprTEC)

fcTEC <- rep(CMassoc[(trainM+1):(2*trainM)], times=testszC)

centerprTEM <- rep(CDassoc[(trainM+1):(2*trainM)], times=testszM)

disTEM <- rbinom(length(centerprTEM),1,centerprTEM)

fcTEM <- rep(CMassoc[(trainM+1):(2*trainM)], times=testszM)

# Marker values

meanvecTR<-cbind(mu_x*disTR + fcTR, mu_y*disTR + fcTR)

markersTR <- mvrnorm(length(centerprTR),c(0,0),

matrix(c(1,corr,corr,1),nrow=2,byrow=T)) + meanvecTR

train <- data.frame("dis"=disTR,"x"=markersTR[,1],

"y"=markersTR[,2],"center"=center)

meanvecTEC<-cbind(mu_x*disTEC + fcTEC, mu_y*disTEC + fcTEC)

markersTEC <- mvrnorm(length(centerprTEC),c(0,0),

matrix(c(1,corr,corr,1),nrow=2,byrow=T)) + meanvecTEC

testC <- data.frame("dis"=disTEC,"x"=markersTEC[,1],

"y"=markersTEC[,2],"center"=centerTEC)

meanvecTEM<-cbind(mu_x*disTEM + fcTEM, mu_y*disTEM + fcTEM)

markersTEM <- mvrnorm(length(centerprTEM),c(0,0),

matrix(c(1,corr,corr,1),nrow=2,byrow=T)) + meanvecTEM

testM <- data.frame("dis"=disTEM,"x"=markersTEM[,1],
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"y"=markersTEM[,2],"center"=centerTEM)

### Fit regressions to this dataset

train$centerFAC<-as.factor(train$center)

testC$centerFAC<-as.factor(testC$center)

testM$centerFAC<-as.factor(testM$center)

# Ignoring center

igGLM <- glm(dis ~ x + y, data=train, family="binomial")

# Fixed effect

if(Clogit){

feGLM<-clogit(dis ~ x + y + strata(centerFAC), data=train)

}else{

feGLM<-glm(dis ~ x + y + centerFAC, data=train,

family=binomial)

}

# True parameter values

betaX <- (mu_x-corr*mu_y)/(1-corr^2)

betaY <- (mu_y-corr*mu_x)/(1-corr^2)

### Apply regression results to population and get AUC

# Conditional

predIGC <- data.frame(testC,"predvals"=predict(igGLM,newdata=testC))

if(Clogit){
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predFEC <- data.frame(testC,

"predvals"=apply(testC,1,function(k)

as.numeric(k["x"])*feGLM$coef[1]+

as.numeric(k["y"])*feGLM$coef[2]))

}else{

predFEC <- data.frame(testC,

"predvals"=apply(testC,1,function(k)

as.numeric(k["x"])*feGLM$coef[2]+

as.numeric(k["y"])*feGLM$coef[3]))

}

# Marginal

predIGM <- data.frame(testM,"predvals"=predict(igGLM,newdata=testM))

if(Clogit){

predFEM <- data.frame(testM,

"predvals"=apply(testM,1,function(k)

as.numeric(k["x"])*feGLM$coef[1]+

as.numeric(k["y"])*feGLM$coef[2]))

}else{

predFEM <- data.frame(testM,

"predvals"=apply(testM,1,function(k)

as.numeric(k["x"])*feGLM$coef[2]+

as.numeric(k["y"])*feGLM$coef[3]))

}
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# Get aAUC

# naive AUC based on each set of predicted values

margIG <- somers2(predIGM$predvals, predIGM$dis)[1]

margFE <- somers2(predFEM$predvals, predFEM$dis)[1]

# marginal AUC based on each set of predicted values

condIG <- somers2(predIGC[predIGC$center==1,]$predvals,

predIGC[predIGC$center==1,]$dis)[1]

condFE <- somers2(predFEC[predFEC$center==1,]$predvals,

predFEC[predFEC$center==1,]$dis)[1]

## True AUC

alpha1 <- (mu_x - corr*mu_y)/(1 - corr^2)

alpha2 <- (mu_y - corr*mu_x)/(1 - corr^2)

AUCnum <- mu_x + (alpha2/alpha1)*mu_y

AUCdenom <- sqrt( 2*(1 + ((alpha2^2)/(alpha1^2))

+ (2*alpha2*corr)/alpha1) )

trueAUC <- pnorm(AUCnum/AUCdenom)

c("coefIG"=coef(igGLM), "margIG"=margIG, "condIG"=condIG,

"coefFE"=coef(feGLM), "margFE"=margFE, "condFE"=condFE,

"truebetaX"=betaX, "truebetaY"=betaY, "trueAUC"=trueAUC)

}

### Example
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simcenter(DMassoc1=0.6, DMassoc2=0.65, trainM=6, centersz=rep(200,6),

corrCMCD=-0.75, CDassocVar=rep(1,6), CMassocVar=rep(5,6),

corr=0.5, CMassocTF=TRUE, CDassocTF=TRUE, overallprev=0.5,

testszC=c(200000,rep(0,5)), testszM=rep(30000,6),

Clogit=FALSE)

## conditional AUC evaluated in 1 test center (because testszC=c(200000,rep(0,5)))

S6.2 RILR vs. FILR

The following R function was used to conduct the simulations reported in Sections 6.2 and

S5.2.

library(survival)

library(lme4)

library(MASS)

library(rms)

library(VGAM)

library(QRM)

library(copula)

expit <- function(x) exp(x)/(1+exp(x))

simcenter <- function(DMassoc1, DMassoc2, trainM, centersz, RIdist,

corrCMCD, CDassocVar, CMassocVar, corr, CMassocTF,

CDassocTF, overallprev, testsz, Clogit){

mu_x<-sqrt(2)*qnorm(DMassoc1)
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mu_y<-sqrt(2)*qnorm(DMassoc2)

### Create datasets

# Centers

center <- rep(1:trainM,times=centersz)

centerTE <- rep(trainM+1, testsz) ## test center is the (trainM+1)th

## Disease indicators

# get gamma_c and f(c)

if(CMassocTF & CDassocTF){

if(RIdist=="normal"){

CDCMvals <- mvrnorm(trainM+1, c(0,0),

matrix(c(1,corrCMCD,corrCMCD,1),nrow=2,byrow=T)) *

cbind(sqrt(CDassocVar),sqrt(CMassocVar))

}else if(RIdist=="laplace"){

tmp <- normalCopula( corrCMCD, dim=2 )

x <- rCopula(trainM+1, tmp)

CDCMvals <- cbind( qlaplace(x[,1], 0, sqrt(CDassocVar/2)),

qlaplace(x[,2], 0, sqrt(CMassocVar/2)) )

}else if(RIdist=="gumbel"){

tmp <- normalCopula( corrCMCD, dim=2 )

x <- rCopula(trainM+1, tmp)

CDCMvals <- cbind(qGumbel(x[,1],

digamma(1)*sqrt(6*CDassocVar/(pi^2)),

sqrt(6*CDassocVar/(pi^2))),

qGumbel(x[,2], digamma(1)*sqrt(6*CMassocVar/(pi^2)),
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sqrt(6*CMassocVar/(pi^2))))

}else if(RIdist=="uniform"){

tmp <- normalCopula( corrCMCD, dim=2 )

x <- rCopula(trainM+1, tmp)

CDCMvals <- cbind(qunif(x[,1], -sqrt(3*CDassocVar),

sqrt(3*CDassocVar)),

qunif(x[,2], -sqrt(3*CMassocVar),

sqrt(3*CMassocVar)))

}

CDassoc <- expit(CDCMvals[,1])

CMassoc <- CDCMvals[,2]

}else if(CDassocTF){

if(RIdist=="normal"){

CDCMvals <- rnorm(trainM+1, 0, sqrt(CDassocVar))

}else if(RIdist=="laplace"){

CDCMvals <- rlaplace(trainM+1, 0, sqrt(CDassocVar/2))

}else if(RIdist=="gumbel"){

CDCMvals <- rGumbel(trainM+1,

digamma(1)*sqrt(6*CDassocVar/(pi^2)),

sqrt(6*CDassocVar/(pi^2)) )

}else if(RIdist=="uniform"){

CDCMvals <- runif(trainM+1, -sqrt(3*CDassocVar),

sqrt(3*CDassocVar))

}

CDassoc <- expit(CDCMvals)
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CMassoc <- rep(0, trainM+1)

}else if(CMassocTF){

if(RIdist=="normal"){

CDCMvals <- rnorm(trainM+1, 0, sqrt(CMassocVar))

}else if(RIdist=="laplace"){

CDCMvals <- rlaplace(trainM+1, 0, sqrt(CMassocVar/2))

}else if(RIdist=="gumbel"){

CDCMvals <- rGumbel(trainM+1,

digamma(1)*sqrt(6*CMassocVar/(pi^2)),

sqrt(6*CMassocVar/(pi^2)) )

}else if(RIdist=="uniform"){

CDCMvals <- runif(trainM+1, -sqrt(3*CMassocVar),

sqrt(3*CMassocVar))

}

CMassoc <- CDCMvals

CDassoc <- rep(overallprev, trainM+1)

}

centerpr <- rep(CDassoc, times=c(centersz,testsz))

dis <- rbinom(length(centerpr),1,centerpr)

fc <- rep(CMassoc, times=c(centersz,testsz))

# Marker values

meanvec<-cbind(mu_x*dis + fc, mu_y*dis + fc)

markers <- mvrnorm(length(centerpr),c(0,0),
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matrix(c(1,corr,corr,1),nrow=2,byrow=T)) + meanvec

popdat <- data.frame("dis"=dis,"x"=markers[,1],"y"=markers[,2],

"center"=c(center,centerTE))

train <- popdat[which(popdat$center %in% 1:trainM),]

test <- popdat[which(popdat$center==(trainM+1)),]

### Fit regressions to this dataset

train$centerFAC<-as.factor(train$center)

test$centerFAC<-as.factor(test$center)

# Ignoring center

igGLM <- glm(dis ~ x + y, data=train, family="binomial")

# Fixed effect

if(Clogit){

feGLM<-clogit(dis ~ x + y + strata(centerFAC), data=train)

}else{

feGLM<-glm(dis ~ x + y + centerFAC, data=train,

family=binomial)

}

# Random intercept

REGLM<-glmer(dis ~ x + y + (1 | centerFAC),data = train,

family = binomial)
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# True parameter values

betaX <- (mu_x-corr*mu_y)/(1-corr^2)

betaY <- (mu_y-corr*mu_x)/(1-corr^2)

### Apply regression results to population and get aAUC

# Get predicted values

predIG <- data.frame(test,"predvals"=predict(igGLM,newdata=test))

if(Clogit){

predFE <- data.frame(test,"predvals"=apply(test,1,function(k)

as.numeric(k["x"])*feGLM$coef[1]+

as.numeric(k["y"])*feGLM$coef[2]))

}else{

predFE <- data.frame(test,"predvals"=apply(test,1,function(k)

as.numeric(k["x"])*feGLM$coef[2]+

as.numeric(k["y"])*feGLM$coef[3]))

}

predRE <- data.frame(test,"predvals"=predict(REGLM,re.form=NA,

newdata=test))

# Get aAUC

# naive AUC based on each set of predicted values

naiveIG <- somers2(predIG$predvals, predIG$dis)[1]

naiveFE <- somers2(predFE$predvals, predFE$dis)[1]

naiveRE <- somers2(predRE$predvals, predRE$dis)[1]

## True AUC
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alpha1 <- (mu_x - corr*mu_y)/(1 - corr^2)

alpha2 <- (mu_y - corr*mu_x)/(1 - corr^2)

AUCnum <- mu_x + (alpha2/alpha1)*mu_y

AUCdenom <- sqrt( 2*(1 + ((alpha2^2)/(alpha1^2)) +

(2*alpha2*corr)/alpha1) )

trueAUC <- pnorm(AUCnum/AUCdenom)

## Concordant centers in sample

concord_train <- sum( sapply(split(train, train[,"center"]),

function(x) (sum(x[,"dis"])==length(x[,"dis"]) ||

sum(x[,"dis"])==0) ) )

concord_test <- sum( sapply(split(test, test[,"center"]),

function(x) (sum(x[,"dis"])==length(x[,"dis"]) ||

sum(x[,"dis"])==0) ) )

c("coefIG"=coef(igGLM), "naiveIG"=naiveIG,

"coefFE"=coef(feGLM), "naiveFE"=naiveFE,

"coefRE"=REGLM@beta, "naiveRE"=naiveRE,

"truebetaX"=betaX, "truebetaY"=betaY, "trueAUC"=trueAUC,

"concord_train"=concord_train, "concord_test"=concord_test,

"RIdist"=RIdist, "corrCMCD"=corrCMCD, "trainM"=trainM,

"overallprev"=overallprev,

"CDassocVar" = ifelse(CDassocTF,

ifelse(min(CDassocVar) != max(CDassocVar),

paste(min(CDassocVar),"/",max(CDassocVar),sep=""),
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min(CDassocVar)),NA),

"CMassocVar" = ifelse(CMassocTF,

ifelse(min(CMassocVar) != max(CMassocVar),

paste(min(CMassocVar),"/",max(CMassocVar),sep=""),

min(CMassocVar)),NA) )

}

### Example

simcenter(DMassoc1=0.6, DMassoc2=0.65, trainM=500, centersz=rep(20,500),

RIdist="normal", corrCMCD=-0.5, CDassocVar=rep(1,501),

CMassocVar=rep(5,501), corr=0.5, CMassocTF=TRUE,

CDassocTF=TRUE, overallprev=0.5, Clogit=TRUE, testsz=10000)
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